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Abstract. The first results on completeness of addition laws, on a
given abelian variety A over a field k, were obtained by Lange and Rup-
pert in 1985 [LR85]. Subsequent work [LR85, LR87, BL95] considered
abelian varieties, particularly elliptic curves, over algebraically closed
fields. One of their main results is the non existence of a single addition
law describing the group law m of A embedded in a projective space.
The study of the completeness of Edwards curves, initiated by Bernstein
and Lange [BL07], naturally leads us to consider the arithmetic proper-
ties of addition laws. In this paper, we give a proof of the existence of a
single addition law describing m on the k-rational points of A, provided
k has an extension of degree greater than the dimension of A. We also
describe the construction of such a law for elliptic curves and Jacobians
of genus 2 curves over a finite field. The study of complete addition laws
is motivated by their role in avoiding side channel attacks.

1. Introduction

Let A be an abelian variety of dimension g over a field k. We assume
that A is embedded in some projective space Pn over k by a very ample
line bundle L and we denote ι : A ↪→ Pn the corresponding morphism. We
also assume the embedding is projectively normal, but not mention it in the
sequel, so that the sections we use further come from polynomials.
The group law m : (x, y) 7→ x+ y can be described locally by bihomogenous
polynomials. More precisely, an addition law of bidegree (µ, ν) on ι(A) ⊂
Pn is a nonempty open set U ⊂ A × A together with an (n + 1)-tuple of
polynomials

p = (p0, . . . , pn) ∈ k[X0, . . . , Xn, Y0, . . . , Yn]n+1,

not all zero, bihomogeneous of degree µ in X0, . . . , Xn and of degree ν in
Y0, . . . , Yn such that we have

ι(x+ y) = (p0(ι(x), ι(y)) : . . . : pn(ι(x), ι(y)))

for all (x, y) ∈ U .

Definition 1.1. A set S of addition laws is called complete if for any point
(x, y) ∈ (A× A)(k) there is a law in S defined on an open set U containing
(x, y). A set S of addition laws is said geometrically complete if the previous
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property is true over k̄. An addition law p is called complete if S = {p} is
complete.

Remark 1.2. We call attention to the change of notation towards the original
paper [LR85] where original complete means here geometrically complete.

In [LR85], the authors give the interpretation of the possible addition laws
in terms of the section of a certain line bundle.

Proposition 1.3 ([LR85, Lem.2.1]). Let p1, p2 : A×A→ A be the projection
maps on the first and second factor. There is an addition law (resp. a
geometrically complete set of addition laws) of bidegree (µ, ν) on A with
respect to the embedding in Pn determined by L if and only if

H0(A×A,M) 6= 0

whereM = m∗L−1⊗p∗1Lµ⊗p∗2Lν (resp. the line bundleM is base point-free).

To a nonzero section w ∈ H0(A × A,M) one associates an addition law
defined on the open set A×A \ (w)0.

Note that asking the embedding to be symmetric is natural to have a good
behaviour of the inversion as we see below. Another interest is to guarantee
the existence of sections of bidegree (2,2) on M (see 2.2).

Proposition 1.4. If A is embedded in a Pn by a very ample symmetric line
bundle L, then the inversion is induced by a linear automorphism of Pn.

Proof. If L is a very ample symmetric line bundle, H0(A,L) can be generated
by even or odd sections si [BL04]. Let ι th embedding associated to L. Hence

ι(−z) = (s0(−z) : · · · : sn(−z)) = (±s0(z) : · · · : ±sn(z)).

�

2. Geometrically complete set of addition laws

Theorem 2.1. Let A an abelian variety and a symmetric embedding ι : A ↪→
Pn. If S is a geometrically complete set of addition laws on A then #S > g.

Proof. Up to a projective change of coordinates, assume the image of O is
(0 : · · · : 0 : 1).
Let (Uj , pj)1≤j≤s be a complete system of addition on A and a the injection
a : A→ A×A, x 7→ (x,−x). Consider the morphisms

A
a−→ A×A

pj
99K A

Note that for all x such that a(x) ∈ Uj , pj ◦a(x) = ι(O) and, in particular,
p
(j)
n ◦ a 6= 0. Considering g hypersurfaces defined by the equations p

(j)
n ◦

a(ι(x)) = 0, j = 1, . . . , g, the intersection between A and g hypersurfaces in
Pn being non empty, the addition laws {p1, . . . , pg} are not defined at the
points in this intersection. We hence get that #S = s > g. �

We would like to have an upper bound on S as well. This is an easy
consequence of the following results of [LR85].
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Proposition 2.2 ([LR85, Prop.2.2,Prop.2.3]). Let L be an ample line bundle
on A. If (µ, ν) = (2, 2) then

(1) if L is not symmetric then H0(A×A,M) = {0}.
(2) if L is symmetric, then M = s∗L where s : A × A → A is the

difference map (x, y) 7→ x−y. In particular M is base point-free and
h0(M) = h0(L).

If (µ, ν) 6= (2, 2) then h0(M) = h0(L)2(µν − µ− ν)g.

Proof. For (µ, ν) = (2, 2), only the equality h0(M) = h0(L) has to be
clarified. It is proven in [LR85, Prop.2.2] that M |K(M)0 is trivial. As
L is ample his index in zero and, according to [Kem, Theorem 1(ii) p95],
H0(A×A,M) ∼= H0(A,L).
For the case (µ, ν) 6= (2, 2), one proves it like for the case (µ, ν) = (2, 3) of
[LR85, Prop.2.3]. �

Corollary 2.3. Let A be a principally polarized abelian variety. There exists
an embedding of A for which a geometrically complete set of addition laws of
order less or equal to 3g exists.

Proof. The line bundle L associated to the principal polarization is ample
symmetric and has degree 1, so L3 provides an embedding A ↪→ P3g . �

Remark 2.4. For g = 1, our bounds show that there exists a geometrically
complete set of addition laws of order 2 or 3. An explicit set of order 3 is
given in [LR85, Sec.3] and in [LR87] in all characteristic and an explicit set
of order 2 is given in [BL95].

3. Complete set of addition laws

Let L be a very ample symmetric line bundle defined by an effective ratio-
nal divisor D on A. Let v be a section of H0(A,L) such that (v)0 = D and
let w = s∗(v). As we have seen in Section 1, w is a section of H0(A×A,M)
with M = m∗L−1 ⊗ p∗1L2 ⊗ p∗2L2 and an addition law (of bidegree (2, 2)) is
defined on the complementary of (w)0 = s∗D. Hence it is sufficient that D
has no rational points for the group law to be complete. Note that it is also
necessary since a rational point x on D gives the rational point (x, 0) on s∗D.

Theorem 3.1. Let A an abelian variety over a non algebraically closed field
and an embedding ι0 : A ↪→ Pn. If there exists α ∈ k whose degree d over
k is greater than n then there exists an embedding ι : A ↪→ Pn(2d−1) and a
complete addition law on ι(A).

Proof. Let α0, . . . , αd−1 the Galois conjugates of α in k̄.
For i = 0, . . . , d− 1, let Hi be the hyperplane

Hi : X0 + αiX1 + . . .+ αni Xn = 0.

Since d > n, {1, αi, . . . , αni } are linearly independent for every i over k
and Hi(k) is empty. Now

∑
Hi is a divisor over k, let D0 = ι∗0(

∑
Hi)

and D = D0 + (−1)∗D0. D is a symmetric rational divisor on A without
rational points. Denoting L0 the line bundle associated to ι0, the line bundle
L = L(D) is linearly equivalent to L2d

0 , so L is very ample and provides an
embedding A ↪→ Pn(2d−1) with a complete addition law. �
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We want to minimize the dimension of the projective space in which embed
the variety, considering a finite map ϕ : A→ Pn. Indeed ϕ∗OPn(1) is ample
(and conversely). Moreover, such a map exists for n = g (got from Noether’s
normalisation theorem). Hence this proves the following theorem:

Theorem 3.2. Let A an abelian variety of dimension g over a non alge-
braically closed field. If there exists in k̄ an element of degree d greater than
g then there exists an embedding ι of A in Pg(2d−1) and an arithemetically
complete addition law on ι(A).

Over finite fields, every abelian variety of dimension g can be embedded
in a projective space of dimension g(2g + 1) with a complete addition law.

4. Example in genus one and two

In the previous section, the complete addition law is proved to exist but
for a large embedding of the abelian variety. When A over a finite field has
dimension 1 or 2, we make explicit the construction of a desired divisor.

4.1. Elliptic curves. First, let us consider a particular case.

Theorem 4.1. Let E : y2 = f(x) be an elliptic curve embedded in P2. If f
is irreducible there exists a complete addition law on E ⊂ P2.

Proof. Consider the zero divisor of the section y on E. It is a very ample
symmetric rational divisor without rational points which provides a complete
addition law on E ⊂ P2. �

Theorem 4.2. If E/Fq is an elliptic curve with a point whose field of defi-
nition is Fq2, then there is an embedding on E in P3 on which one can define
a complete addition law.

Proof. Let P ∈ E(k) as in the statement. Then, D := D0 + (−1)∗D0, where
D0 = P + P σ, is the divisor we want to. �

Remark 4.3. Previously we used the fact that D symmetric divisor implies
L(D) symmetric line bundle. But the converse is not true: if D ∼ D′ with D
not symmetric and D′ symmetric divisors then L(D) ∼ L(D′) are symmetric
line bundles. In particular, this is the case if the points of the Galois orbit
lie on a line. That’s what we use in the theorem 4.4.

Theorem 4.4. Let E/Fq, q ≥ 5, an elliptic curve defined by y2 = f(x).
There exists an embedding on E in P2 on which we can define a complete
addition law.

Proof. Consider the group homomorphism N : E(Fq3) → E(Fq), P 7→
P + P σ + P σ

2 , where σ denotes here the Frobenius. ker(N) restricts on
E(Fq) to the Fq-rational 3-torsion points on E. Now # ker(N) ≥ #E(Fq3 )

#E(Fq) ≥
q3+1−2

√
q3

q+1+2
√
q > 9. Hence there exists P0 ∈ E(Fq3) non Fq-rational whose Galois

orbit provides the aligned points we searched for. �

Remark 4.5. If the trace of E is positive the points in the Galois orbit can
be chosen on a horizontal line.
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4.2. Genus 2 curves. Let C/Fq, q ≥ 5, be a genus 2 curve. Assume C has
a model over k of the form y2 = f(x) with f of degree 5. Let us denote
by the canonical involution on C, i.e. if P = (x, y), P = (x,−y) and
Θ = W1. Θ is an ample symmetric rational divisor on JacC which defines
the canonical principal polarization on JacC. For any z ∈ Jac(C)(k̄), we
denote Θz = Θ + z the translation of Θ by z.

Lemma 4.6 ([Mum75, p.272],[Deb86]). If z ∼ P −Q ∈ (JacC)(k̄) then

Θ ·Θz = {(P )− (P∞)} ∪
{

(Q)− (P∞)
}
.

Lemma 4.7. There exists x0 ∈ Fq2 such that f(x0) is not a square in Fq2.

Proof. If it were not the case, there would be at least 2(q2 − q) + #C(Fq)
Fq2−rational points on C which contradicts the Hasse-Weil bounds.

�

Theorem 4.8. Let C be a genus two curve as above. There exists an embed-
ding ι of JacC in P15 such that there is a complete group law on ι(JacC).

Proof. Let x0 be as in Lemma 4.7, let P = (x0, y0) ∈ C(Fq4) where y0 is a
choice of square root of f(x0). The Galois orbit of P is {P, P σ, P , P σ} where
σ is the Frobenius.
Now we construct points α0, α1, α2, α3 such that Θα0 ·Θα1 ·Θα2 ·Θα3 = ∅.
We take α0 = P + P σ, α1 = P σ + P , α2 = P + P

σ
, α3 = P

σ + P in JacC.
They verify the relations

Θα0 ·Θα1 = t∗α0
(Θ ·ΘP−P ) = t∗α0

(P ),

Θα0 ·Θα3 = t∗α0
(Θ ·ΘP

σ−Pσ) = t∗α0
(P σ).

So the divisor D =
∑

Θαi is ample, symmetric, rational by construction,
and without rational points according to relations above. �
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