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Abstract
In this article, we derive a list of possible characteristic polynomials of the Frobenius of

simple supersingular abelian varieties of dimension 1, 2, 3, 4, 5,6,7 over F, where ¢ = p", n
odd.

1 Introduction

Supersingular abelian varieties have applications in cryptography and coding theory. Identity
based ecryption and computation of weights of some Reed Muller codes are some of them. The
important (isogeny) invariant which carries most of the information about supersingular curves
is the characteristic polynomial of the Frobenius. Here we give a list of such polynomials up to
dimension 7 over F, where ¢ = p", n odd. We also give the procedure, which extends to all
dimensions.

Let A be an abelian variety of dimension g over F, where ¢ = p". The characteristic polynomial
P(X) € Z|X] of the Frobenius endomorphism is given by

PA(X) = XQQ + a1X2g*1 + .+ ang + qag_ngf]. NS qg.

An abelian variety A is simple if it is not isogenous to a product of abelian varieties of lower
dimensions. In that case P4(X) is either irreducible over Z or P(X) = h(X)¢ where h(z) € Z[X]
is irreducible, see [8]. An elliptic curve E over F, is supersingular if E(F,) has no points of order
p. An abelian variety A over F, is called supersingular if A is isogenous over Fq to a product
of supersingular elliptic curves. Given P4(X) for an abelian variety of dimension g, we have the

following test from Stichtenoth and Xing [5] for supersingularity.

Theorem 1.1. Suppose ¢ = p" and suppose that A is an abelian variety of dimension g over F,.
Let Po(X) = X294+ a1 X297 -+ 4 0y X9+ qag_1 X971+ ¢9 be the characteristic polynomial of
the Frobenius endomorphism on A. Then A is supersingular if and only if, for all 1 < j < g,

pl% a;.

We can factor P(X) over the complex numbers as P(X) = H?i 1 (X — ;) where the o; are
algebraic integers. If A is supersingular then Manin [6] and Oort [4] proved that numbers <t are

V4

roots of unity.



In this article we are interested in the characterization of the Frobenius for simple supersingular
abelian varieties of the dimension g over Fyn, where 1 < g <7 and n is odd. We write P(x) instead
of P4(x) when the underlying abelian variety is understood.

2 Frobenius Polynomial

In this section we give the results and procedure for computing the characteristic polynomial of
Frobenius.

Theorem 2.1. If P(X) is irreducible with ag;i+1 # 0 for some i, then the a;’s satisfy

a3t2g—3

a2t2g—2 azit29_2i

7 +...F+at)?=0.

1
(t* + o412 - 6(@17529_1 -

Proof. By dividing the characteristic polynomial of Frobenius by ¢9 we get,

P(X) X% X291 X X,
PR + a1 7 +...+ag¥+q +qu+ = 0.
Doing the transformation % — t over Q(,/q) and rearranging we get
ast?9—2 agt?9~% 1 ast?9—3
Gt) =9+t D) (gt 2 ... 4at)=0.
q q V4

Since ¢ = p", n odd, Gal(Q(,/q)/Q) = {1,0} where o(,/q) = —/q. Therefore

agt?972 a9 t?9~% 1
H(t) == Gt)G(t)" = (t*¥9+ 2q o 2’qi —|—---+1)2—5(a1t2g_1+

a t2g73
B 4at)?=0.

O
The polynomial H(t) defined above has only even powers of t. We proved the following.

Proposition 2.2. Let G(t) € Q(,/q)[t] (as defined above) be reducible over Q(\/q). Then G(t) =
Fi(t)F5(t) where Fy, Iy are irreducible over Q(,/q)[t] with deg Iy, deg F5 = g.

Proposition 2.3. Assume ag;+1 # 0.

1. If G(t) is irreducible over Q(/q) then H(t) is an irreducible cyclotomic factor of t™ — 1 of
degree 4g where ¢(m) = 4g over Q.

2. If G(t) is reducible over Q(\/q) then G(t) = Fi(t)F5(t) where at least one of Fy, F» €
Q(va)[t] \ Q[t]. If F; € Q[t] then it is an irreducible cyclotomic factor of t™ — 1 of degree g
where ¢(m) = g, else FiFY € Qlt] is an irreducible cyclotomic factor of t™ — 1 of degree 2g
where ¢(m) = 2g.

Proposition 2.4. If as;11 =0 for all i then



1. If G(t) is irreducible over Q, it is an irreducible cyclotomic factor of t™ — 1 of degree g where
¢(m) = 2g.

2. If G(t) is reducible over Q, then G(t) = F1Fy where F; are irreducible cyclotomic factor of
t™ — 1 of degree g with ¢(m) =g .

Using the above propositions we have the following procedure to derive the characteristic poly-
nomial.

2.1 Procedure

1. Suppose P(z) is irreducible.

(a) If agi+1 # 0 for some i.

i. If G(t) is irreducible, then as in proposition 2.3 find appropriate H(t) and solve for
the a;’s.
ii. If G(¢) is reducible then use proposition 2.3 to find appropriate H(t) = G(t)G(t)?
and solve for the a;’s .
(b) If ag;+1 = 0 for all 4.

i. If G(¢t) is irreducible over Q then use proposition 2.4 to find appropriate cyclotomic
factors and compare with G(¢) to solve for a;’s.

ii. If G(t) is reducible over Q then use proposition 2.4 to compute G(t) = Fi(t)Fa(t)
and compare coefficients to solve for a;’s.

2. Suppose P(z) is reducible ie; P(x) = h(x)® with e|g. Then for "M2) ' doing the transformation

qe

< — t, we get a new polynomial G(t) whose roots are roots of unity, and using above tools

Va
we can find h(z).

Using the procedure above we have proved the following.

Theorem 2.5. The characteristic polynomial of a simple supersingular abelian variety over Fg,
7

qg=7p", n odd is one of the following

1. dimension 1
(a) p=2:22+/2qx +q
(b)) p=3:22+./3qx+q
(c) 2* +q
2. dimension 2
(a) p#3:2* —q2* + ¢°
(b) z* + qx® + ¢*
(c) p=2:2%4+ /pgz® + qx* + /pgzr + ¢*



(d) p="5:a' £ /pga’ + 3q2* + \/pae + ¢
(e) (x* —q)?
(f) p#2: 2"+ ¢

3. dimension 3

(G)p:3:x6iq\/17qx3+q3
(b)p:7::v6j:\/]qup5+3q$4iq\/@x3+3q2x2iq2\/p—qx+q3

4. dimension 4

(a) p=2:2%%+ 22" + q2° — 2 + ¢°2® £ ¢*V/2q2 + ¢!

(b) p=3:28+/3qzT + 2qz° £ qv/3q2° + ¢?2 £ ¢2\/3qz® + 24322 + 3/3qrt ¢
(c) ¥+ ¢

(d) 2® — qab + ¢?z* — ¢*2® + ¢*

(e) p#5:a®+qa® + ¢?z* + @2 + ¢

(f) p#2: 2% —Pat 4+ ¢*

(9) p="5:2% £ /Bga" + 22 £ ¢v/5q2” + 3¢%a* & ¢*/5ga® + 2¢°2% + £¢°/5grt !

5. dimension 5

(a) p=11: X104 /TIgX? + 5 X5 + qy/TIgX " — g2 X0 + g2 /TIgX" — 3 X* + ¢ /TTgX? +
5¢* X2 + ¢*/T1gX + ¢°.

6. dimension 6

(a) p=2:2'% £ /2qa" 1 qz'® — @®2® — P(£/29)2" — 2 — P(EV20)7° — glat + P +
0°v2qz +¢°

(b) p=2:2" % qv/202° + ¢°2° £ ¢"V2q2° + ¢°

(c) p=3:22+Bgz' +2¢2'° + 3¢/3qz° + ¢?2% — 32 + ¢*2* £ 3¢*/3qz® + 2¢°2% +
¢°\/3qz +¢°

(d) p=7:22 4 /Tqgr' + 4q2'° £ ¢\/Tqz® — ¢®2® — 2¢%(£\/Tq)x" — T¢325 — 2¢3(£\/Tq) x5 —
ot + ¢t Tqa® + 4¢°2* £ ¢°/Tqx + ¢8

(e) p=T:22+2/Tqr' +13¢x'0 +8¢\/Tqx® +29¢%2® + 144>\ /Tqx" +41¢32% + 14¢3\/Tqz® +
29¢* 2t + 8¢*/Tqx® + 13¢°x2 £ 2¢°/Tqx + ¢8

(f) p=13: 24 /T3qz" 4 7gx'0 4 3¢y/T3q2° +15¢°2® £5¢%/13q2” + 19¢%5 4+ 5¢7/ T3gz° +
15¢%2% + 3¢1/T3q2% + 7¢°2? + ¢5/I3qx + ¢°

(9) p=3:2'2+2¢/3qx° + 5¢32% + 2¢*/3qz3 + ¢8

(h) ' 4 qz' + ¢?2® + ¢*2® + g2t + ¢P2® + ¢°

(i) p# 72" — qzl® + ¢?2® — 2% + ¢*at — P2 + ¢O

(G) p#3: 2% — 325 + ¢°

(k) @' + ¢*2® + ¢°



7.

dimension 7: None

Remarks:

The procedure above can be extended to any genus.

Work is in progress for n even.

An important question is whether the above actually occur as the characteristic polynomial of
the Frobenius. Work is in progess on this question. For genus 1, 2 and 3 all of the polynomials listed
occur, see [2], [7] and [9] respectively. For genus 4 the following occur as Jacobians of hyperelliptic
curves of genus 4 over F, where ¢ = 2", n odd. An example of each is given here for ¢ = 2° where
« is a primitive root. These are cases (a), (c), (e) of the theorem.

P(z) Curve

28 +1/2q2" 4+ q2® — P2 + P2 + P2qx + ¢t | P +y =2 + a2 + %23

28 + ¢ v +y=2a"+2°+ o323
DI+t PR+ Py =D+ + ard
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