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1 Introduction

Niho in [1, Theorem 3-7] and Helleseth in [2] studied the cross correlation be-
tween two binary m-sequences that differ by the decimation 23% — 228 4 2% 4 1.
They proved that the cross-correlation function is four-valued and found the dis-
tribution. We take n = 4k, an odd prime p and examine p-ary functions having
the form f(z) = Tr, (az? + ba?) with a,b,z € GF(p") and d = p** +p?* —p~+1.
Note that d is cyclotomic equivalent to the Niho exponent (with 2 changed to
p) and that ged(d,p"™ — 1) = 2 since d = (p?* — 1)(pF + 1) + 2.

Given a function f(x) mapping GF(p") to GF(p), the direct and inverse
Walsh transform operations on f are defined at a point by the following respec-
tive identities:

1
z€GF(p™) yEGF(pn)
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where Tr, () : GF(p") — GF(p) denotes the absolute trace function, w =e» is
the complex primitive p'" root of unity and elements of GF(p) are considered as
integers modulo p.

According to [3], f(z) is called a p-ary bent function (or generalized bent
function) if all its Walsh coefficients satisfy [Sf(y)|> = p™. A bent function f(z)
is called regular (see [3, Definition 3] and [4, p. 576)) if for every y € GF(p") the
normalized Walsh coefficient p~"/25 +(y) is equal to a complex p*® root of unity,
ie., p*"/sz(y) = w/"® for some function f* mapping GF(p") into GF(p). A
bent function f(z) is called weakly regular if there exists a complex u having
unit magnitude such that up_"/QSf (y) = w/™® for all y € GF(p"). Recently,
weakly regular bent functions were shown to be useful for constructing certain
combinatorial objects such as partial difference sets, strongly regular graphs and
association schemes (see [5, 6]). This justifies why the classes of (weakly) regular
bent functions are of independent interest. For a comprehensive reference on
monomial and quadratic p-ary bent functions we refer reader to [7].

Taking a = b = 1, results in a weakly regular bent function and the exact
value of its Walsh transform coefficients (and value distribution) can be found.



This gives the infinite class of nonquadratic generalized bent functions built over
the fields of an arbitrary odd characteristic.

Theorem 1. Let n = 4k. Then p-ary function f(x) mapping GF(p"™) to GF(p)
and given by

f(x) =Tr, (acpshrp%*phr1 + xz)

is a weakly regular bent function. Moreover, for y € GF(p™) the corresponding
Walsh transform coefficient of f(x) is equal to

Sf(y) _ _kawTrk(ﬂfo)/4 ,

where xq is a unique root in GF(p*) of the polynomial
y? T (2 4+ X)@D/2 R 2 4 et 0P /2

In particular, if y> € GF(p?*) then zo = —Tr}" (yz) Also, every value —p?Fw?
with i = {1,...,p — 1} occurs p**~1(p?* + 1) times in the Walsh spectrum of
f(z) and —p*F occurs (p**~1 — 1)(p?* + 1) + 1 times.

The general case when a,b € GF(p™) is much more complicated. It seems to
be hard to find the Walsh transform coefficients of f(x) at an arbitrary point, so
we calculate the exponential sum of f(z), i.e., S§(0). This is equal to the cross-
correlation function between two sequences of length (p™ —1)/2 obtained by the
decimation of an m-sequence by d and 2 or can be seen as a codeword weight in
the corresponding p-ary linear code. We relate this value to the number of zeros,
a particular polynomial has in a cyclic subgroup of order p?* + 1 of the multi-
plicative group of GF(p™). Moreover, we show that if either aP" (P +1) £ ppt 1
or a? = b% with b # 0 then the exponential sum of f(z) is three-valued. Some
steps towards finding the distribution of these values are made but the exact
distribution remains an open problem. For the remaining options for choosing
(a,b), we show that S;(0) can be expressed using the Jacobsthal sum of order
p* 4+ 1 which has the number of possible values growing with .

2 Related Results

Let v be a primitive element of GF(p?*) and let C; (t = 0,...,p") denote the
cyclotomic classes of order p* + 1 in GF(p?)*, ie., C, = {p@+Ditt | j =
0,...,pF — 2}. The number of elements « € C; such that  +1 € C; is called
the cyclotomic number and denoted (7,7). Since —1 € Cj in our case, we can
also take z — 1 in the definition of the cyclotomic numbers. Note that since the
cyclotomic numbers of order p* + 1 are uniform (see [8]), their values can easily
be determined.

Lemma 1. For anyi,j = 0,...,p", the cyclotomic numbers of order p* + 1 in
GF(p?*) are

1, if i#jandij #0

0, otherwise .



Following [9, Definition 5.49], for any a € GF(q)*, define a Jacobsthal sum of
order n as
Hy(a)= > n" +az) ,
z€GF(q)

where 7(-) is the quadratic character of GF(q) extended by setting n(0) = 0.
Define also a companion sum

(@)= > n@"+a) .
z€GF(q)*

It is well known (see, e.g., [9, Theorem 5.50]) that I, (a) = I,(a) + Hp(a).

In our case, ¢ = p** and we consider n = p* 4+ 1. If a € GF(p"*) then,
obviously, Ik 1(a) = Iypriny(a) = p** — 1 and Hpeyq(a) = 0. For any a €
GF(p?*) \ GF(p*), we compute

Lyyi(a) = =" + 1) (n(a) +1) .

Calculating H x4 (a) (that is equivalent to calculating I,k 1)(a)) is not that
easy.

Theorem 2. For any a € GF(p?*) \ GF(p¥), assume a = ag + 2u'/%a, with
ap,a; € GF(p*) and u being a primitive element of GF(p*). Then

Hyea(a) = (N =p")(0" +1) and  [Hpeiq(a)| < 202005 + 1)
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where N denotes the number of points on the elliptic curve f? = 2% —ag2?+pa3z

over GF(p*) excluding the point at infinity.

3 Calculating the Exponential Sum of f(x)

In this section, we consider the function f(x) with arbitrary coefficients a,b €
GF(p"). If n is even, let U denote a cyclic subgroup of order p™/2 + 1 of the

multiplicative group of GF(p™) (generated by {pnm*l, where £ is a primitive
element of GF(p")).

Theorem 3. Let n = 4k. For any a,b € GF(p"), define the following p-ary
function mapping GF(p™) to GF(p)

f(x) ="Tr, (amp3k+p2k7pk+1 + bx2)
Then the Walsh transform coefficient of f(x) evaluated at point zero is equal to
S5(0) = p** (2N (a,b) — 1) ,
where 2N (a,b) is the number of zeros in U of the polynomial

LX) =" X +aX?" +bx7" + a7 X7 (1)



In what follows, we consider separately the cases when either ap" (P +1) #
W 1 or a2 = b¢ with b # 0; and when a?" ®"+1) = pP"+1 with a2 # b¢, where
d = p®F +p?* —p¥ + 1. This covers all the value space for the pairs (a, b) # (0,0).

Proposition 1. Let n = 4k and take any a,b € GF(p") such that either a®> = b?
with b # 0 or a?" @+ £ " 1 Then polynomial L(X) defined in (1) has none,
two or four zeros in U, i.e., N(a,b) € {0,1,2}.

Proposition 2. Let n = 4k and take any a,b € GF(p") such that a?" @+ =
W' and a® # be. If 2N(a,b) is the number of zeros in U of the polynomial
L(x) defined in (1) then

N(a,b) = # {c € GF(®") | (cg)* — "1 s a nonsquare in GF(ka)} ,

where g is any element in GF(p?*)* with P = ™ /a. Moreover,

Hya (=074 /g)
pk+1

2N (a,b) = p* — +1.

Thus, the value distribution of S(0) when a?"®*+D = pr*+1 with a2 # b4,
is defined by the value distribution of the Jacobsthal sums order p¥ + 1 and
is directly related to the number of elliptic curves with the prescribed number
of points. This is the first direct connection between sequences and Jacobsthal
sums we are aware of. We find it interesting and believe that this gives an
important link between sequences/codes and classical character sums. In the
following corollary, we list some basic properties of N(a,b).

Corollary 1. Under the conditions of Proposition 2,

. [ N(a% b, if b —1/2 =1
(1) Na,b) = {pk +1—N(a"t,b71), otherwise ;
(ii) N(a,b) + N(—a,b) = N(a,b) + N(a,—b) = p* + 1;
k —1 -1\ rp(p™—1)/2
_ PP+ 1= N(ah b, if et h/2 =
(i) N(-a,b) = {N(a‘l,b_l), otherwise ;

(iv) if b®P"~D/2 =1 (resp. bP"~1/2 = —1) then N(a,b) is an even (resp. odd)
number;

(v) |N(a, b) — kaH| < p*/?, in particular, N(a,b) is positive and, if k > 2 then
N(a,b) > 8;

(vi) if p= —1 (mod 4), k is odd and b*"~V/2 =1 then N(a,b) = N(—a,b) =
(p*+1)/2 fora = p W =D/45d/2 yhere v s a primitive element of GF (p?*);

(vii) for any b € GF(p™)*,

> N(a,b) = (p" + 1) (p" =" ~D/2) /2. (2)

a€GF(pn): ap®@F+1)=ppF+1 g2-£pd
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