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Abstract

In the talk we present a method for constructing planar and APN map-
pings by a suitable choice of their coordinate functions. We expect to have
more results on this subject by the dates of YACC.
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Let p be a prime number. Given a mapping f : Fy» — F,» and a nonzero
element a € Fpn, we call

Dja:Fpn = Fpn, x = f(z+a) = f(z) = fla)

the difference mapping of f defined by a. A mapping f : Fpn — Fpyn is called
planar (or perfect nonlinear) if all its difference mappings are bijective. Planar
mappings do not exist in fields of even characteristic. Indeed, let f : Fon — Fon.
Then the cardinality of the image set of a difference mapping Dy , is at most on—1,
since D¢ o(x 4+ a) = Dyq(x) for any z € Fan. A mapping f : Fon — Fon is called
almost perfect nonlinear (APN) if any its difference mapping has an image set of
the maximal possible cardinality 2",

In [1] the first author introduces a method for constructing planar mappings,
which meanwhile yields a unified explanation for several recent constructions of
such mappings. In this note we continue study of this method.

Observe that the definition of planar and APN mappings uses only the ad-
ditive group of the field, and hence such mappings can be defined in any group.
The multiplicative structure of the field is beneficial in the study of planar and
APN mappings, since it allows to construct explicit families of such mappings in
polynomial forms. The monomial planar and APN mappings illustrate this. In
this paper we show, that there are families of planar or APN mappings, which can
be easier explained and better understood by studying their coordinate functions
with respect to an appropriate chosen basis of F)» over a subfield.

In the rest of the paper we use the following notation: n = m - k and § :=
{L,wi,...,wk—1} C Fpn is a basis of Fyn over Fpm. Then, clearly, every mapping
F :Fyn — Fpn can be uniquely represented by

F(z) = fo(x) +wifi(z) + ... +wp_1fr—1(2),



where f; : Fpn — Fpm for 0 <@ < k —1. We write F' = (fo,..., fx—1) and call the
functions f; the coordinate functions of F' with respect to the basis €.
The following characterization of planar and APN mappings is straightforward:

Proposition 1 The mapping F' : Fyn — Fpn is planar (resp. APN) if and only if
for every a € Fpn and (boy ... bg_1) € F’;m the following system of equations

fo(r+a) = folxz) = bo

fe—1(@ +a) = fr-1(x) = br
has exactly 1 (resp. 2 ) solutions in Fpyn.

Remark 1 Every mapping g : Fyn — Fpm can be represented as g(x) = try, /(G (2))
where try, /y, 1s the trace mapping from Fpn onto Fym and G : Fpyn — Fyn.

A mapping F': Fn — IFyn is called quadratic if it is described by a polynomial
of form Zl j ai’ja:p““p]. For quadratic mappings Proposition 1 reduces to:

Corollary 1 Let n = k- m and a mapping F' : Fpn — Fpn be quadratic, i.e.
F(z) =32, i jzP tP . Purther, let F = (fo,..., fr—1) with respect to some fized
basis of Fpn over Fym. Define

li(z,y) = fi(z +y) — filz) — fi(y).
Then F is a planar (resp. APN) if and only if for every fived a € Fy. the subspace

k—1

ﬂ Kernel(l;(z, a))

i=0
is trivial (resp. 1-dimensional).

Proof. 1t follows from Proposition 1, since for a quadratic F' the mappings ;(x, y)
are bilinear. o

Next we show that Corollary 1 allows to classify all planar mappings of the
shape 2?1 + witr, , (aa? TP") when n = 2m.

Theorem 1 Let p be an odd prime number, n = 2m and w € Fpn \ Fpm. Further,
let myr > 1, p™ —1 = 2k and p" — 1 = 20 with k,¢ odd. Then the mapping
F :Fpn — Fpn given by

F(x) =aP" T+ wtrn/m(a:npi(p”rl))

s planar if and only if



-« is not a (p" + 1)th power in Fpn; and
-s<t.

Proof.  Note that {1,w} is a basis of Fpn over Fpm. Further, F' = (fo, f1) with
fo(z) = 2P+ and fi(z) = trn/m(ampl(pr“‘l)). Since F' is quadratic we apply
Corollary 1. Here we have

lo(z,y) = 2"y + zy?"

and ‘ -
1(@,y) = troym (alay?” +27 y)" ).

lo(z,a) = "+ ((z)pm + z>

and thus lo(x,a) = 0 if and only if z/a € § Fym, where u is a primitive element of
Fyn and § = u®"+1)/2_ Note that

hz,a) = trom, (aapi(p”rl) (i + (z>pr>17i>
@)

n—1

Let a € F;n. Then

where we set 3 = (aapi(p”rl) .
Let y=2/a € 0 Fpm. So y = 6z with z € Fym. Then [1(y,a) = 0 if and only if

(B0 + (B )z + (86" + (867 )")2"" = 0.
By the choice of § we have §*" = —4. So the last equality can be written as
(B=p"")0z+ (8= B")(02)" = (B= ") (02 + (62)") =0. (1)
Hence (1) holds if and only if one of the following conditions is satisfied
gt =1 (2)

or
(62)P" + 62 = 0. (3)
From the definition of 3 it follows that (2) is equivalent to

QPP T D™ -1)

Y

the latter equality holds for some a € Fy» if and only if « is a (p" + 1)th power in
F,». Finally, using the definition of §, condition (3) can be reduced to

T_ m_
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or equivalently

T m rp -1
LT, (P +1)p 5

The latter equation has a solution in Fpm if and only if ged(p” — 1,p™ — 1) =
gmin(s) ged(k, €) divides ged((p"™ " — 1)/2,p™ — 1) = ged((p" — 1)/2,p™ — 1) =
omin(s—1,t) ng(k, E)

o

Remark 2 Corollary 1 implies the classification of all APN mappings of the shape
2Pt witry, (@ TP) when n = 2m as welll.

The following result follows from Theorem 1 and extends the construction of
planar mappings given in [3, Main Theorem]| based on the APN trinomials from
[2, Corollary 1].

Corollary 2 Letn =2m, m,r > 1, p™ —1 = 2%u and p" — 1 = 2'v with u,v odd.
Further, let ¢ € Fyn be of multiplicative order k with ged(k,p™ — 1) = 1. Define ¢
to satisfy £(p™ — 1) =1 (mod k). Then the mapping

F(z) = ba?" 1 4 g? (07D g o™ T D)
s planar if and only if all of the following conditions are fulfilled:

- ¢'b does not belong to Fpm;

- ¢’ is not a (p" + 1)th power in Fyn; and

-s<t.
Proof. Note that
CE() = b L O g e
= bt trn/m(céggpi(p"ﬂ))’

since by choice of £ it holds ¢*t1 = ¢P™. Hence Theorem 1 completes the proof. o

More results on planar and APN mappings obtained via Corollary 1 will be
presented in the extended version of this note.
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