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Abstract. Let Fq be a finite field of characteristic 2, not containing F4. Let k ≥ 2 be an even integer.

We give a full classification of quadratic forms over Fqk of codimension 2 provided that certain three

coefficients are from F4.
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Let q be an integer which is a power of 2. Let k ≥ 2 be an integer and m =
⌊

k
2

⌋
, the integer part

of k/2. Let ε0, ε1, . . . , εm ∈ Fqk . The map

Q : Fqk → Fq

x 7→ Tr
(
x

(
ε0x + ε1x

q + · · ·+ εmxqm))(0.1)

is a quadratic form over Fqk . It is well known that the quadratic form Q is related to Artin-Schreier
type curve

χ : yq + y = x
(
ε0x + ε1x

q + · · ·+ εmxqm)
.(0.2)

Here we assume that at least one of ε1, . . . , εm is nonzero and hence the genus of χ is positive.
The radical of Q is an Fq-linear subspace of Fqk . There is another invariant Λ(Q) of Q, which is an

integer in the set {−1, 0, 1}. By Hilbert’s Theorem 90 (cf. [4, Theorem 2.25]) and the basic theory
of quadratic forms, it is well known that the radical and the value of Λ(Q) determine the number of
Fqk -rational points of χ.

If the codimension of the radical is 0, then the invariant Λ(Q) of Q can be determined, actually
also when the characteristic of Fq is odd (cf. [6]). The next case in characteristic 2 is the case of
codimension 2 as the codimension must be an even integer. Recently we have considered this problem
when Fq is an extension of F4 under the extra condition that certain coefficients are in F4 (see [6]).

We still keep such a condition. However we note that the quadratic form is considered in Fqk .
Hence if q is an odd power of 2 and k is even, then the map (0.1) is still a quadratic form and this
problem is not considered in [6]. In this study we consider this problem and obtain again a full
classification of such quadratic forms of codimension 2 when q is an odd power of 2 and k is even.
Our result is an extension of [1]. We use some methods from [1], which become more complicated in
our study.

We note that combining this result with the ones of [6] we complete the problem of classification of
quadratic forms of codimension 2 over arbitrary finite fields provided that the first three coefficients
are from F4 for k ≥ 4. As these coefficients are from F4, we have F4 ⊆ Fqk . The case F4 ⊆ Fq is
studied in [6] and here we study the remaining case that q is an odd power of 2 and k is even.
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In the rest of this paper we state our main result in this study. Here we also note that as in
[6] using our main result below we obtain new results on the classification of maximal and minimal
curves of the form (0.2) (cf., for example, [2, 7, 5, 8, 3], and also the references in [6]), when q is an
odd power of 2 and k is even. We will explain them in the full version of this paper.

First we introduce some notation. For certain even integers k ≥ 4, we define six types of polynomi-
als A1(ε0, ε1), A2(ε0, ε1), A3(ε0, ε1, ε2), A4(ε0, ε1), A5(ε0, ε1) and A6(ε0, ε1, ε2) in F4[x]. For simplicity
of notation we indicate neither the variable x nor their dependence on k in denoting these polyno-
mials. Let m = k

2 .

• If 4|k, then for ε0, ε1 ∈ F4 let

A1(ε0, ε1) = ε0x + ε1

(
xq + xq3

+ · · ·+ xqm−1
)

.

• If 3|k, then for ε0, ε1 ∈ F4 let

A2(ε0, ε1) = ε0x + ε1

(
xq + xq2

+ xq4
+ xq5

+ · · ·+ xqm−2
+ xqm−1

)
.

• If 6|k, then for ε0, ε1, ε2 ∈ F4 let

A3(ε0, ε1, ε2) = ε0x + ε1

(
xq + xq5

+ xq7
+ xq11

+ · · ·
)

+ ε2

(
xq2

+ xq4
+ xq8

+ xq10
+ · · ·

)
.

where last terms in A3(ε0, ε1, ε2) are ε1

(
xqm−5

+ xqm−1
)

and ε2

(
xqm−4

+ xqm−2
)

if k ≡ 0

mod 12, and ε1

(
xqm−4

+ xqm−2
)

and ε2

(
xqm−5

+ xqm−1
)

if k ≡ 6 mod 12.
• If 12|k, then for ε0, ε1 ∈ F4 let

A4(ε0, ε1) = ε0x +
(
ε1x

q + xq3
+ ε21x

q5
+ ε1x

q7
+ xq9

+ ε21x
q11

+ · · ·+ ε21x
qm−1

)
.

• If 8|k, then for ε0, ε1 ∈ F4 let

A5(ε0, ε1) = ε0x + ε1

(
xq + xq2

+ ε1x
q3

+ xq5
+ xq6

+ ε1x
q7

+ · · ·+ ε1x
qm−1

)
.

• If 8|k, then for ε0, ε1, ε2 ∈ F4 let

A6(ε0, ε1, ε2) = ε0x + ε1

(
xq + ε1x

q3
+ xq5

+ ε1x
q7

+ · · ·+ xqm−3
+ ε1x

qm−1
)

+ ε2

(
xq2

+ xq6
+ xq10

+ · · ·+ xqm−2
)

.

Now we state our main result.

Theorem 1. Let q ≥ 2 be an integer which is an odd power of 2. Let k ≥ 4 be an even integer and
set m = k

2 . Let ε0, ε1, ε2 ∈ F4, and for k ≥ 8 let ε3, . . . , εm−1, εm ∈ Fqk . Let Q be the quadratic form
from Fqk to Fq defined as

Q(x) = Tr

(
x

m∑

i=0

εix
qi

)
,(0.3)

where Tr is the trace map from Fqk to Fq. Moreover let r be the positive odd integer with q = 2r. If
the Fq-dimension of the radical of Q is k − 2, then exactly one of the followings holds:

a) If ε1 = 1, then
a.1) 4|k, ε0 = 0, and for 1 ≤ i ≤ m− 1 we have

εi =
{

ε1 if i ≡ 1 mod 2,
0 otherwise.
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In particular the polynomial
m−1∑

i=0

εix
qi

is equal to R(x) = A1(ε0, ε1). Moreover the invari-

ant Λ(Q) of Q is equal to 1 in this case.
a.2) 4|k, ε0 6= 0, and for 1 ≤ i ≤ m− 1 we have

εi =
{

ε1 if i ≡ 1 mod 2,
0 otherwise.

In particular the polynomial
m−1∑

i=0

εix
qi

is equal to R(x) = A1(ε0, ε1). Moreover the invari-

ant Λ(Q) of Q is equal to -1 in this case.
a.3) 3|k, ε0 = ε1, and for 1 ≤ i ≤ m− 1 we have

εi =
{

ε1 if i ≡ 1 or 2 mod 3,
0 otherwise.

In particular the polynomial
m−1∑

i=0

εix
qi

is equal to R(x) = A2(ε0, ε1). Moreover the invari-

ant Λ(Q) of Q is equal to -1 in this case.
a.4) 3|k, ε0 6= ε1, and for 1 ≤ i ≤ m− 1 we have

εi =
{

ε1 if i ≡ 1 or 2 mod 3,
0 otherwise.

In particular the polynomial
m−1∑

i=0

εix
qi

is equal to R(x) = A2(ε0, ε1). Moreover the invari-

ant Λ(Q) of Q is equal to 0 in this case.
a.5) 6|k, ε2 /∈ {0, ε1}, ε0 = ε2, and for 1 ≤ i ≤ m− 1 we have

εi =





ε1 if i ≡ 1 or 5 mod 6,
ε2 if i ≡ 2 or 4 mod 6,
0 otherwise.

In particular the polynomial
m−1∑

i=0

εix
qi

is equal to R(x) = A3(ε0, ε1, ε2). Moreover the

invariant Λ(Q) of Q is equal to -1 in this case.
a.6) 6|k, ε2 /∈ {0, ε1}, ε0 6= ε2, and for 1 ≤ i ≤ m− 1 we have

εi =





ε1 if i ≡ 1 or 5 mod 6,
ε2 if i ≡ 2 or 4 mod 6,
0 otherwise.

In particular the polynomial
m−1∑

i=0

εix
qi

is equal to R(x) = A3(ε0, ε1, ε2). Moreover the

invariant Λ(Q) of Q is equal to 0 in this case.
b) If ε1 ∈ F4 \ F2, then

b.1) 12|k, ε0 = 0, and for 1 ≤ i ≤ m− 1 we have

εi =





ε1 if i ≡ 1 mod 6,
1 if i ≡ 3 mod 6,
ε21 if i ≡ 5 mod 6,
0 otherwise.
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In particular the polynomial
m−1∑

i=0

εix
qi

is equal to R(x) = A4(ε0, ε1). Moreover the invari-

ant Λ(Q) of Q is equal to -1 in this case.
b.2) 12|k, ε0 6= 0, and for 1 ≤ i ≤ m− 1 we have

εi =





ε1 if i ≡ 1 mod 6,
1 if i ≡ 3 mod 6,
ε21 if i ≡ 5 mod 6,
0 otherwise.

In particular the polynomial
m−1∑

i=0

εix
qi

is equal to R(x) = A4(ε0, ε1). Moreover the invari-

ant Λ(Q) of Q is equal to 0 in this case.
b.3) 8|k, ε0 = εr+1

1 , and for 1 ≤ i ≤ m− 1 we have

εi =





ε1 if i ≡ 1 or 2 mod 4,
ε21 if i ≡ 3 mod 4,
0 otherwise.

In particular the polynomial
m−1∑

i=0

εix
qi

is equal to R(x) = A5(ε0, ε1) Moreover the invari-

ant Λ(Q) of Q is equal to 1 in this case.
b.4) 8|k, ε0 = εr−1

1 , and for 1 ≤ i ≤ m− 1 we have

εi =





ε1 if i ≡ 1 or 2 mod 4,
ε21 if i ≡ 3 mod 4,
0 otherwise.

In particular the polynomial
m−1∑

i=0

εix
qi

is equal to R(x) = A5(ε0, ε1). Moreover the invari-

ant Λ(Q) of Q is equal to -1 in this case.
b.5) 8|k, ε0 ∈ {0, ε1}, and for 1 ≤ i ≤ m− 1 we have

εi =





ε1 if i ≡ 1 or 2 mod 4,
ε21 if i ≡ 3 mod 4,
0 otherwise.

In particular the polynomial
m−1∑

i=0

εix
qi

is equal to R(x) = A5(ε0, ε1). Moreover the invari-

ant Λ(Q) of Q is equal to 0 in this case.
b.6) 8|k,

(
r ≡ 1 mod 4 and (ε0, ε2) ∈ {(ε1, 1), (1, ε2

1)}
)

or(
r ≡ 3 mod 4 and (ε0, ε2) ∈ {(ε1, ε21), (ε21, 1)}) and for 1 ≤ i ≤ m− 1 we have

εi =





ε1 if i ≡ 1 mod 4,
ε2 if i ≡ 2 mod 4,
ε21 if i ≡ 3 mod 4,
0 otherwise.

In particular the polynomial
m−1∑

i=0

εix
qi

is equal to R(x) = A6(ε0, ε1, ε2). Moreover the

invariant Λ(Q) of Q is equal to 1 in this case.
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b.7) 8|k,
(
r ≡ 1 mod 4 and (ε0, ε2) ∈ {(ε1, ε21), (ε21, 1)}) or(

r ≡ 3 mod 4 and (ε0, ε2) ∈ {(ε1, 1), (1, ε21)}
)

and for 1 ≤ i ≤ m− 1 we have

εi =





ε1 if i ≡ 1 mod 4,
ε2 if i ≡ 2 mod 4,
ε21 if i ≡ 3 mod 4,
0 otherwise.

In particular the polynomial
m−1∑

i=0

εix
qi

is equal to R(x) = A6(ε0, ε1, ε2). Moreover the

invariant Λ(Q) of Q is equal to -1 in this case.
b.8) 8|k, ε2 /∈ {0, ε1}, ε0 ∈ {0, ε2} and for 1 ≤ i ≤ m− 1 we have

εi =





ε1 if i ≡ 1 mod 4,
ε2 if i ≡ 2 mod 4,
ε21 if i ≡ 3 mod 4,
0 otherwise.

In particular the polynomial
m−1∑

i=0

εix
qi

is equal to R(x) = A6(ε0, ε1, ε2). Moreover the

invariant Λ(Q) of Q is equal to 0 in this case.
For each of these 14 cases above, the coefficient εm is determined uniquely in Fqk modulo Fqm and
hence map defined by Tr

(
xR(x) + γxqm+1

)
, where γ is an arbitrary element of Fqk with (γ − εm) ∈

Fqm, gives the same quadratic form as in (0.3).
Conversely, for each of the 14 cases above, there exist ε0, ε1, ε2, · · · , εm−1, εm ∈ F4 ⊆ Fqk satisfying

the corresponding conditions. Therefore we have quadratic forms as in (0.3) from Fqk to Fq, even
with coefficients from F4, such that their radicals are of codimension 2 and their invariants Λ(Q) are
given as in the 14 cases above.

From the proof of Theorem 1 we easily obtain that if k = 2 and ε0, ε1 ∈ Fqk , then there is no
quadratic form over Fqk of codimension 2 in the form (0.1), when q is an odd power of 2.

Finally we note that the conditions on the main results in Theorem 1 above and [6, Theorem 3.1]
are very different.
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