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Abstract. The theory of recursive towers of function fields over finite
fields was developed by A. Garcia and the author since 1995. In this talk
we describe some of the main ideas and results, and we present old and
new examples of interesting recursive towers.

1

We consider towers of algebraic function fields, i.e. sequences F = (F0, F1, F2, . . .)
of function fields Fi over a finite field IFq where F0 ⊆ F1 ⊆ F2 ⊆ . . ., all exten-
sions Fi+1/Fi are separable and the genus g(Fi) tends to infinity as i →∞. We
denote by N(Fi) the number of rational (i.e. degree one) places of Fi over IFq.
It is well-known that the limit

λ(F) = lim
i→∞

N(Fi)
g(Fi)

exists, and it is bounded from above by the Drinfeld-Vladut bound

λ(F) ≤ √
q − 1.

A tower F over IFq is said to be asymptotically good, if λ(F) > 0, it is asymp-
totically optimal if λ(F) =

√
q− 1, and it is asymptotically bad if λ(F) = 0. The

study of asymptotically good towers is of high interest because of their various
applications in coding theory (Tsfasman-Vladut-Zink theorem), cryptography
etc., but also as a mathematical challenge.

In order to determine the limit of a tower, it is useful to study the behaviour
of the genus and of the number of rational places separately; i.e. one considers
the limits

γ(F/F0) := lim
i→∞

g(Fi)
[Fi : F0]

, the genus of F over F0,

and

ν(F/F0) := lim
i→∞

N(Fi)
[Fi : F0]

, the splitting rate of F over F0.

It is easily seen that 0 < γ(F/F0) ≤ ∞ and 0 ≤ ν(F/F0) < ∞, and moreover,



II

λ(F/F0) =
ν(F/F0)
γ(F/F0)

.

This implies that the tower F is asymptotically good if and only if its genus
γ(F/F0) is finite, and its splitting rate ν(F/F0) is strictly positive. We introduce
the ramification locus

V (F/F0) := {P | P is a place of F0 which is ramified in Fk/F0 for some k > 0}.
If V (F/F0) is finite and all ramification in the tower is tame, it follows from
the Hurwitz genus formula that the genus γ(F/F0) is finite. The condition of
tame ramification can be weakened as follows: suppose that for every place P ∈
V (F/F0), there is a constant cP ∈ IR such that for all k ≥ 1 and all places Q of
Fk lying above P , the different exponent d(Q|P ) is bounded by

d(Q|P ) ≤ cP · e(Q|P )

(here we denote by e(Q|P ) the ramification index of Q|P ). Then finiteness of
the ramification locus implies again finiteness of the genus γ(F/F0).

In a similar way, one can often make sure that the splitting rate ν(F/F0) is
positive. To this aim, we define the splitting locus

Z(F/F0) = {P | P is a place of F0 which splits completely in F}.
Obviously, ν(F/F0) ≥ |Z(F/F0)|, and therefore a non-empty splitting locus
implies that the splitting rate of the tower is positive. To conclude, we have the
following result:

Lemma 1. Suppose that the tower F satisfies the following conditions:
(i) the ramification locus V (F/F0) is finite,
(ii) for every P ∈ V (F/F0), there is a constant cP ∈ IR such that d(Q|P ) ≤

cP · e(Q|P ) for all places Q above P ,
(iii) the splitting locus of F/F0 is non-empty.

Then the tower is asymptotically good.

The conditions given in Lemma 1 are sufficient conditions for F to be asymptot-
ically good. On the other hand, all examples of good towers that I know, satisfy
all these conditions.

There are essentially three sources for towers: class field towers (first intro-
duced by Serre [3]), towers of modular curves (first introduced by Ihara [2] and
Tsfasman, Vladut and Zink [4]), and recursive towers (introduced by Garcia and
the author [1]).

A tower F = (Fi)i≥0 is said to be recursive if there exist a non-zero polyno-
mial f(x, y) ∈ IFq[x, y] and elements x0, x1, x2, . . . such that for all i ≥ 0,

F0 = IFq(x0) , Fi+1 = Fi(xi+1) and f(xi, xi+1) = 0 .

In this talk we discuss several examples of recursive towers, some of which are
well-known, some are new. In all cases we focus on the question if the conditions
of Lemma 1 are satisfied.
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